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is a classical turning point.
Shown is a free-bound radiative transition with the emission
of a photon h.
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FIG. 2: Calculated radial transition dipole matrix elements.
The matrix elements are calculated at distances R > 8 a
0
only, because the current problem did not require the knowl-
edge of the matrix elements at lower inter-nuclear distances
due to small energies of the approaching sodium atoms.






















of the long-range potential was












is the dipole polarizability of the
calcium atom.









states tted with cubic
splines (see also Table I). The dipole matrix elements
were calculated for R > 8 a
0
only, since for our purposes
the problem did not require the exact knowledge of the
TABLE I: Potential energy and dipole matrix element val-
ues obtained by cubic spline t of the adiabatic potential
and dipole matrix curves for selected states of the (NaCa)
+
molecular system. Potential curves are located relative to the


















3 3.54[-1] 4.16[-1] 1.25
4 7.42[-2] 1.98[-1] 2.28[-1]
5 -2.15[-3] 1.09[-1] 6.88[-2]
6 -2.79[-2] 7.47[-2] 3.15[-2]
7 -3.07[-2] 6.64[-2] 1.73[-2] 8.80[-1]
8 -2.61[-2] 5.47[-2] 1.42[-2] 8.47[-1]
9 -1.99[-2] 4.55[-2] 1.60[-2] 7.49[-1]
10 -1.42[-2] 3.79[-2] 1.98[-2] 6.08[-1]
11 -9.64[-3] 3.34[-2] 2.39[-2] 4.63[-1]
12 -6.30[-3] 3.16[-2] 2.75[-2] 3.32[-1]
13 -4.01[-3] 3.15[-2] 3.03[-2] 2.22[-1]
14 -2.56[-3] 3.18[-2] 3.22[-2] 1.38[-1]
15 -1.70[-3] 3.22[-2] 3.33[-2] 7.90[-2]
16 -1.21[-3] 3.30[-2] 3.41[-2] 4.15[-2]
17 -9.17[-4] 3.39[-2] 3.45[-2] 2.04[-2]
18 -7.24[-4] 3.45[-2] 3.48[-2] 9.44[-3]
19 -5.84[-4] 3.49[-2] 3.51[-2] 4.21[-3]
20 -4.76[-4] 3.52[-2] 3.52[-2] 1.53[-3]
dipole radial matrix elements at smaller distances. At
small distances there is little overlap between the wave-
functions of the ground and excited states for the ener-
gies of the approaching sodium atoms considered here.
At milli-Kelvin energies of the sodium atoms, the classi-
cal turning point R
0
was found to be always to the right





































2E=~ with  the reduced mass and E the














states, respectively. Another possible
outcome of the collision between Na and Ca
+
is spin-
exchange. In the elastic approximation [13], also known
as the Degenerate Internal States (DIS) approximation
[14], one describes this scattering process in terms of the
singlet and triplet scattering phase shifts, and the spin-



















3Although this approximation is valid for collision energies
larger than the hyperne splitting, it usually gives the
right order of magnitude at smaller energies [15].
The phase shifts 
S;T
l




(R), which are the regular solu-






















(R) = 0 : (5)
The asymptotic form of y
S;T
E;l
(R) at large distances gives















The results of our calculations are shown on Figs. 3
and 4 for the singlet and triplet elastic cross sections,
respectively, and on Fig. 5 for the spin-exchange cross
section. In all cases, the s-wave contribution is dominant
at energies corresponding to temperatures below 1 nK,
in sharp contrast to neutral alkali atoms where this take
place for energies around 100 K [16]. This is due to
the very long range of the polarization potential as com-
pared to the shorter range of van der Waals interactions
between neutral atoms. Our ab initio potential curves
are not of suÆcient accuracy enough to predict the s-
wave scattering lengths associated with the singlet and
triplet potentials with a fair degree of certainty: the mea-
surements that will be realized in our proposed hybrid
MOT would help ne-tuning the potentials so that accu-
rate estimates of the scattering lengths could be given.
As E increases, many more partial waves contribute to
the cross sections: already at E=k
B
 1 K, 7 partial
waves are necessary, and over 30 are required at 1 mK.
Although shape resonances may play an important role
at very small energies, their eect is not dominant for
E=k
B
larger than 100 K (see the smooth behavior of
the cross sections in Figs.3 - 5). This rapid growth in
the number of partial waves led us to consider semiclas-
sical approximations for the cross sections. Following the
method described in [1], we found that the cross sections
are well represented by power-law functions of energy for
the temperature range down to K. Figures 3 - 5 show



























states, respectively, and C
exch:
= 44. These
coeÆcients were obtained by performing a linear t of
the cross sections plotted on a log-log scale in the energy
range above 1 K. All quantities are expressed in atomic
units.
Using these approximate cross sections, we can cal-






























. The elastic cross section above
10 K ts the approximate expression (E) = 5310E
 1=3
,
where the energy is in units of Hartrees and the cross section






2E= is the relative velocity, and h   i implies
averaging over the velocity distribution. Assuming a
Maxwellian velocity distribution characterized by the

































varies very slowly with T . Figs. 3 -
5 show that the power law ts are valid at temperatures
1{10 K and higher, which validates the semiclassical
approach to calculating the rate coeÆcients for elastic
and spin-exchange collisions.
As an example, suitable for the proposed experiment,
we evaluated the rates for a temperature of 1 mK. They
are R
el:
= 1:7 1:8 a.u. for elastic collisions and R
exch:
=





, we obtain R
el:




















rates give the following values for eective elastic life-













n = 23:3 sec
 1
.
IV. RADIATIVE CHARGE TRANSFER
The rate coeÆcient for radiative charge transfer may
be expressed as an integral of the transition probability
over the collision path, averaged over the initial velocities
and the impact parameters [17]. Because many partial






























. The elastic cross section above
10 K ts the approximate expression (E) = 5070E
 1=3
,
where the energy is in units of Hartrees and the cross section



































of the molecular system (NaCa)
+
. The cross
section ts the expression (E) = 44E
 1=2
, where the energy




treatment where the cross section for radiative charge

























where b is the impact parameter, R
0
is the classical turn-
ing point (distance of closest approach), A(R) is the Ein-
stein spontaneous emission transition probability, and
V (R) is the entrance channel potential curve. Again,
we can obtain a rate coeÆcient R
tr
= hvi by averaging


















































where  is the ne structure constant, D(R) is the dipole







is the energy dierence between the entrance and exit









all at a separation R. Note that the eect of possible
shape resonances is not taken into account in Eq.(12):
as mentioned in the previous section, shape resonances
are not relevant for E=k
B
 100 K or higher (although
they may play a role at much lower energies). The in-
tegrations of the Eq. (12) were evaluated numerically
for temperatures ranging from 1 mK to 1000 K. The
rate coeÆcient was found to be independent of tem-







/sec. With the attainable densities






, the rate coeÆcient gives for the the radiative life-












or in the range from several hours to several days. Paren-
thetically, we note that, although charge transfer without
photon emission is possible at higher collision energies
(many eV), in the 1K range and below, the small cou-
pling between the a and X states of (NaCa)
+
(see Figure
1) makes the rate for nonradiative charge transfer negli-
gible.
We also considered the possibility of a charge trans-







to a higher molecular state that
correlates with Na
+
(3s) plus an excited Ca level. The two
wavelengths that must be considered are Na(3s! 3p) at
589.0 nm and Ca
+
(4s ! 4p) at 397.0 nm. An exami-
nation of the asymptotic limits of molecular states lying
above Na(3s)+ Ca
+
(4s) indicates that the closest excited





nm, too far from resonance to be of importance.[20]
V. CONCLUSION
In conclusion, we have shown that the semiclassical
approach to evaluating the rate coeÆcients is a good
approximation because many partial waves are involved
5even at  1 mK. The excited singlet state of the col-
liding molecular system (NaCa)
+
is metastable against
radiative charge transfer with the lifetime of the order
of many hours. At the same time, the rates for elastic
collisions and also for spin exchange are much greater,
which provides an eÆcient mechanism for sympathetic
collisional cooling of calcium ions by sodium atoms in
the meV regime and below. We are setting up an exper-
iment to measure collisional cooling by this mechanism.
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S(5s)] asymptote is close (392.7 nm)
to the Ca
+
resonance line at 397.0 nm. Excitation to this
level, however, can be eliminated in the experiment by
turning o the 397.0 nm ion cooling laser before activat-
ing the MOT.
